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Try this worksheet after you have completed section 5.6

Natural logarithms and e
1 a Considertheseries S=1-x+x2—x +...

Show that if [x| <1, In(1 +x) = x - +% _...+(—1)"-1[£j.
n

b It can be shown that the result obtained above is also true when x = 1.
Show that log, e —log, e + log, e —log e+ ... = 1.
2 Assume that f(x) = ¢* can be written as an infinite series of ascending powers of xi.e.
f)=e=a,tax+ax’+.+tax"+..
i Show thata,=f(0)=1anda =/'(0)=1.
it Show that f"(0) = nla .
iii 'Write the expansion of f(x) = ¢
iv Hence calculate e to six decimal places.

2 3
3 Show that the general term of the series 1+ 31—3" +2% 47X 4 can be written as

21! 31
n n-1
X yox| 2 .
n! (n=1)!
5,7

Hence evaluate 1 + > + > + L 4
20 3!

(Use the result for the expansion of f(x) = ¢* obtained in question 2).

4 Use the expansion for f(x) = ¢* obtained in question 2 to show that
a e*+¢* where i=-1 , s real for all x € R.
b " —e¢® where i=v-1, is imaginary for all x € R.

5 The equation x” = y* is called a transcendental equation. A trivial solution to this
equation would be any ordered pair (a, @). In this question we will look for other
nontrivial real solutions to this equation.

a i Show that (-2, —4) is a solution to the equation »’ = y*. Write two other
ordered pairs (a, b), where a, b € 7, which satisfy this equation.

n+1 n
ii Evaluate x =["—+1] and y = ("—Hj hen n = 1. Show that in this case »’ = y*.
n n

n+l1 7n
iii Use technology to evaluate x = ("—Hj and y = (”—H) for n € Z* and verify
n n

that x” = y* for these values of x and y.

n+1 7
iv Prove that x = ["—H] and y = ["—H] are solutions to the equation
n n

x?=y*forn e Z*.
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1 k
b i Evaluate x=%""and y =%""' when & = 3 and use your result to show that
(\/5 , 33 ) is a solution to the equation x” = y*.
1 k
ii Use technology to evaluate x =k*"and y =k*"', k € R, k# 1, and to verify
that x” = y* for these values of x and y.

iii Use the substitution y = kx, k € R, k£ # 1, in the equation x” = y* to obtain the
1 k

parametric equations: x=£%*" and y=£""
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Chapter 5 extension worked solutions

Exercise 1

1 a Thisis a geometric series with first term 1 and common ratio —x
Since we are given that |x| <1, it follows that S =$.
Therefore ﬁzl —x+xt-x 4.

Taking the definite integral of both sides between 0 and x we get:

J (Hlx)dx jo(l—x+x2—x3+...)dx
[In(1+x)]. = [x——+—— (1)*1[ ] }
N S M E:
In(1+x) =3 =% + % (1)( ]
b log,e —log,e + logse —log, e+...

-1 _ 1,1 _ 1
In2 In4 In8 Inl6
11 + 11

"2 2mn2  3In2 4In2

OO W T
In2 2 3 4

Substituting x = 1 in the expansion In(l + x)=x — * oy (=1 (x ]+ . we get

PR
m2=(1-L4l_1,
2 3 4

Hence it follows log, e—log, e+logse—log16e+...=é xIn2=1

2 a f(x)=e"=a,+tax+ax +.+ax" +..
= f(0)=¢’ = q,
na, =1
f(x)=e"=a, + 2a,x + 3a,x" + da,x’ + ...
=f(0)=¢" =g
a =1

b f/(x)=¢" =2a,+Bx2ax+ (4x3)x"+...
1

So it follows that f"(0) =€’ =24, = a, = 3

Differentiating again we obtain
f(x)=¢" =3la, =(4x3%x2)a,x+ ...

= f7(0) =€’ =3lq,
1
L=

If we continue in this way we find that

f(0)=¢" =nla, = a, —l'
n:

c Using the results above we obtain

S o i Ll Lo o, e,
! I 4l ! ! ! |
) S 21 31 41 51 60 71 8l
¥ —1 X X X
e=l+x+—+—+..+—+ .. 109601

20 3! n!
d Substituting x = 1 in this expansion we obtain 40320
1,1, 1,1 109601 2.7182788

- r, 1, t. 1.1 _
e—l+1+2+3! 1 5!+6!+"'_2'718279 v ————=pDecimal

1€

2/99
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n n n n-1
The general term of this sequence is w LS S L1 .
n:

(n—-1)!
2 3 oo n-1 oo n
|4 3% 4 5% +7i+...:1+22x(x )+Zx—
TR TRY TSI =TT

2x(1+x+x2+"3+.‘.]+[1+x+xz+x3+...]:(1+2x)e"
21 3! 21 3!

Whenx:1weobtain1+%+%+;+...:3e

5 2 .5
e =l+ix - -+ =

R B S S iy S

2" 16
—4)2 = L = i
(-4) (-4 16

Therefore (-2, —4) is a solution to the equation x” = y*.

Another ordered pair would be (—4, -2).
y= [L”J —21=2
n

n
x'=4=16 y'=2'=16
i - ,
B | 3
| =((a[]+1)f|=((a[]+1)fz=b[]"C[] =c[1"(]
i 4 2 16 16
& s 9/4 154389 15.4389
8 25681 6427 152969 15.2969
@13125010.. 625256 1524 1524
5| faliz +1)ﬂ[’?ﬂ+1
aii] ) a»
iv =[] ] =(n+l ) n+l G
n n n
v _[(n+1Y () _(n+1 [;1]1= n+1 H
y B n B n n

n

X

n!
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i=+-1
i*=—1
P=—i
i*=1

=

And then the pattern repeats itself
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9.62 7y t:= Yylih= V¥
\ 1(-1)) U E-1)

| L

2 2 =

3.1.73205 5.19615

4. 15874 6.3496
S
b

5.1.49535 7.47674
6.1.43097 8.58581

=
] »

=a[]*(1f=all"(@[J=b[}*c[] =c[1*b[]

511.495.. 7.4767420.253. 202537
m  1.706.. 5.3615517.564., 17.5643
/() 2.308.. 3.26505(15.361.. 15.3617
e 1.789.. 4.8645616.963.. 16.9635 o

v

C

—a[' '] a

il x”=y*

Lety=Fkx,kecR, k#0

x, ¥ # 0 since this is a trivial case x° = y° = 1
X% = (kx)*

Taking logs

kxInx = xIn(kx)

klnx =Ink + Inx
(—1Dlnx =Ink

Inx :(lenk
k-1

Inx = Ink[ﬁJ
SX = k[ﬁ]

Since
y=kx
y = klflF) < gl - it
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